In this paper we study a curvature integral associated with a pair of orthogonal foliations on the Riemann sphere S 2 and we compute the minimal value of the volume of meromorphic foliations.
Introduction
In [10] the authors prove, using methods of integral geometry, that the total curvature of a pair of oriented orthogonal foliations with isolated singularities 1 and 2 on the unit sphere S 2 in R 3 is at least 4π. More precisely,
where 1 and 2 are the geodesic curvatures of 1 and 2 respectively. Here, S 2 is equipped with the metric of constant curvature 1 and µ is the volume form coming from this metric. For the remainder of this paper all foliations are assumed to have isolated singularities. With this assumption and with the notations above, we prove the following result. To state the next Theorem we define the volume of flows on riemannian manifolds. See [2, [6] [7] [8] [9] 12] . Let 1 be a 1−dimensional oriented foliation on a compact connected oriented riemannian manifold (M ) given by a unit vector field X 1 . The volume of 1 , ( 1 ), is defined as the volume of the image X 1 (M) in the unit tangent bundle T 1 M equipped with the Sasaki metric, involving and its Levi-Civita connection ∇. Observe that if X 1 is parallel then
This follows from the fact that X 1 (T M) is horizontal in this case; here, X 1 is the linear map from T M into T T M tangent to X 1 .
A metric formula for ( 1 ) can be written
where (∇X 1 ) is the transpose of (∇X 1 ), and µ is the volume form coming from the metric. See [8, 9] . For surfaces we have ( 1 ) = ( 2 ) where 2 is the orthogonal foliation to 1 . We prove the following Theorem. 2 is achieved by taking the foliation of the sphere S 2 by parallels. Actually, since the isometry group of S 2 acts transitively, this foliation is topologically conjugate to any foliation of S 2 by great circles passing through a given point. Moreover, these foliations have the same volume. This paper is organized as follows: In Section 2, we derive the first variational formula for the functionals ( ) = M 2 1 + 2 2 µ and ( ) where M is a closed Riemann surface. We prove that holomorphic foliations on the flat torus are critical for the volume functional ( ), we also study holomorphic foliations on the Riemann sphere S 2 . In Section 3 we prove Theorem 1.1. In Section 4 we prove Theorem 1.2. Finally, in the appendix, motivated by the proof of Theorem 1.2, we give an explicit expression of the Green's function on S 2 equipped with its canonical metric.
The first variational formula
Let (M ) be a closed Riemann surface equipped with a metric of curvature C not identically zero. Let also 1 and 2 be two orthogonal foliations on M. Using the local Gauss-Bonnet Theorem it is easy to see that these foliations can't be both totally geodesic with respect to the metric . The assumption on the curvature C being not identically zero is crucial. Let X 1 and JX 1 = X 2 be unit vector fields tangent to 1 and 2 respectively, defined outside the singular set of
Recall that the geodesic curvatures of the foliations 1 and its orthogonal 2 are given respectively by
The matrix of ∇X 1 relative to the orthonormal frame X 1 X 2 is given by
Consider the functional
For any smooth compact domain D with smooth boundary, we consider variations for | | < , of the foliation 1 , given by the integral curves of vector fields of the forms X = X 1 + ξX 2 , where ξ is a C ∞ function vanishing on the boundary of D. We assume that 1 has no singular points in D and on its boundary. We may also assume that the domain D contains no points where 1 = 2 = 0. We compute
It is easy to see that
where (ξZ ) is the divergence, defined as the trace of the linear operator Y −→ ∇ Y (ξZ ). Since ξ is zero on the boundary of D, integration by parts shows that
This proves a part of the proposition. 
Proof. Elementary computations show that
2 ) by equation (3) . Recall that the connection form φ relative to the frame {X 1 X 2 } is defined by
for any vector field Y , and that φ is the metric dual of the Lie bracket
, and the equivalence of properties (i) through (iv) follows.
Remark 2.1.
Following step by step the previous proof one can prove that a foliation 1 is critical for the volume functional, , if and only if the previous conditions in Proposition 2.1 are satisfied with = 1 + 2 1 + 2 2 . Also condition (iii) should be replaced by (
Compare with [6] page 538, where the authors prove that critical foliations of the volume are stable.
Next we prove that some foliations given by the real parts of holomorphic vector fields on Riemann surfaces are critical for the volume. Recall that a vector field Z on a Riemann surface (M J) is said to be holomorphic (repectively meromorphic) if it can be expressed in a local holomorphic coordinate system as
with holomorphic (respectively meromorphic). It is clear that this notion does not depend on the local holomorphic coordinate . In particular, θ(X )J = 0, where θ(X )J is the Lie derivative of the complex structure J in the direction X , X being the real part of Z .
Remark 2.2.
Recall that the Riemann-Roch Theorem for a line bundle L on a Riemann surface of genus says
Thus the sphere S 2 and the torus T 2 are the only closed Riemann surfaces that support holomorphic vector fields.
We now recall some facts about holomorphic coordinates. Let Z = 1 2 (X − JX ) be a meromorphic vector field on the Riemann surface (M ) equipped with a metric compatible with the complex structure J. The real and imaginary parts of Z form a system of isothermal coordinates ( 1 2 ) defined on the complement of the singular set (zeros or poles) of Z . More precisely, if we let = (X X ) then the metric can be written
Moreover, the 1−form φ defined by φ = − * ln is the connection form relative to the orthonormal frame
. This follows easily from the fact that φ is the metric dual of the Lie bracket [X 1 X 2 ] and that
Note that
where C is the curvature of M; in addition, * φ = − * * (− * ln ) = 0 In what follows we will use the term holomorphic (respectively meromorphic) foliations to denote the real and imaginary parts of the foliations given by a holomorphic (respectively meromorphic) vector field.
Proposition 2.3.
Holomorphic foliations on the flat torus
Proof. Since the Euler-Poincaré characteristic of T 2 is zero, holomorphic vector fields have no zeros that is they are nonsingular. Let X 1 be a unit vector field tangent to the holomorphic foliation 1 and making an angle θ with the horizontal. If φ is the connection form relative to the orthonormal frame {X 1 JX 1 }, then φ = * φ + * φ = 0 because the curvature C = 0 . Note that φ = θ. Using coordinates Z on T 2 , we may write φ = ( ) + ( ) for some C ∞ functions and ; hence = = 0 which implies that and are constant. Hence ∈ Z, the foliation is linear (because the function θ is linear in this case), |φ| 2 = 2 + 2 which is a constant. By Proposition 2.2 the foliation 1 is critical for the volume . Moreover;
Remark 2.4.
(i) In the previous Proposition, the Laplace of the angle θ is 0; nevertheless, θ is not necessarily constant because θ is a map from T 2 into the unit circle S 1 . Note also that the minimum of the volume of foliations on the torus T 2 is V (T 2 ). Actually T 2 does admit parallel unit vector fields.
(ii) In [9] the author proves that for any homotopy class of foliations on a two-dimensional torus with any given riemannian metric, there is a smooth foliation 1 of smallest volume, unique up to rotation by a constant angle. In addition, these homotopy classes are given by the net number of oriented Reeb components in the foliation, with Reeb components having different orientations counted with opposite signs. It should be noted that, any foliation transverse to 1 can't be geodesible; this follows from the duality between Riemannian foliations and totally geodesic foliations (see [14] ) and the fact that a transverse foliation will have a limit cycle by the Poincaré-Bendixson theorem.
We will prove that a similar result holds for some foliations on the Riemann sphere S 2 equipped with a metric of constant curvature 1. More precisely, with the notations of Proposition 2.2 we have Proposition 2.4.
Holomorphic foliations on the Riemann sphere S
2 satisfy the relation |φ| ∧ * φ = 0.
Proof. Since the Euler-Poincaré characteristic, χ(S
2 ) = 2, holomorphic vector fields on S 2 can have either two simple zeros or one zero of order 2; therefore, up to an isometry, (actually, any element A ∈ SO(3) the special orthogonal group is a holomorphic map when composed appropriately with the stereographic projection) the only holomorphic vector fields Let ξ( ) = λ ∂ ∂ be a holomorphic vector field. The connection form φ relative to the orthonormal frame X 1 JX 1 where X 1 is a unit vector field tangent to 1 is given by φ = − * ln where is the length of √ 2ξ. It is convenient to use complex notations.
The cases = 0 and = 2 are the same, actually they yield the same foliation on S 2 . If = 2 then |φ| 2 = | | 2 = and it is immediate that |φ| 2 ∧ * φ = 0.
Again elementary computations show that |φ| 2 ∧ * φ = 0. Proposition 2.4 is proved.
Remark 2.5.
(i) Although the form φ is not tensorial, it is well defined outside a set of measure zero.
(ii) Note that in the case = 2 the only singularity of φ is at the south pole S with index 2. However the case = 1 is different; the form φ is singular along the equator | | = 1 and also singular at N and S. Note that the foliations defined by the Pfaffians φ and * φ are the foliations induced by ξ = λ ∂ ∂ (λ is a nonzero complex constant) which can be easily seen to be the foliations by parallels and great circles. We now make note of the following fact: Let 1 and 2 be a pair of orthogonal foliations and suppose that 1 and 2 is another pair of orthogonal foliations. Let α be the angle that makes 1 with 1 , whenever defined. the relative connection forms φ and ψ corresponding to orthonormal frames tangent to ( 1 , 2 ) and ( 1 , 2 ) are related by
This shows that two foliations induce the same connection form if and only if they differ by a constant angle. Moreover, they lead to the same value of the functional .
(iii) It is well-known that a closed Riemann surface M of genus > 1 does not admit totally geodesic foliations with respect to the metric of constant curvature −1; see for instance [13] . Actually, Thurston proved that a geodesic lamination (that is, a compact disjoint union of simple geodesics) has measure zero. Therefore, the functional has no critical foliations on these surfaces. We should mention that The functional can be arbitrary close or equal to zero even when χ(M) < 0, or > 1. It suffices to consider a holomorphic quadratic differential = ( ) 2 . The orthogonal foliations defined by are totally geodesic with respect to the flat metric coming from . However, this metric is not defined at the singularities of . See [4] . See also [10] .
Proof of Theorem 1.1
Proof. Let 1 and 2 be a pair of orthogonal foliations on S 2 having isolated singularities at 1 2 with respective indices 1 2 . Of course =1 = 2 is the Euler-Poincaré characteristic of S 2 . We suppose that these foliations are critical for the functional . Let X 1 and JX 1 = X 2 be an orthonormal frame tangent to 1 and 2 respectively, defined outside the set Σ = { 1 2 }. By Proposition 2.1 1 is critical with respect to the functional if and only if
. We have Z = − 1 X 1 − 2 X 2 where = 
where we used polar coordinates. Theorem 1.1 is proved.
Remark 3.1.
The only Riemannian foliation on S 2 with bundle-like metrics the metric of constant curvature 1 is, up to an isometry, the foliations by parallels.
Proof of Theorem 1.2
Proof. Let 1 be a foliation on the sphere S 2 , given by a meromorphic vector field ξ having singularities at 1 2 with respective orders 1 2 , ∈ Z. For each singular point consider the distance function ( ) = ( ). For each , the function is Lipschitz. Moreover, it is not differentiable at and also at C ( ) the cut locus of which consists of the antipodal point . Let be the parameter on coming from ξ and φ the connection form relative to an orthonormal frame X 1 X 2 where X 1 is tangent to 1 . Recall that φ = − * ln and that ln = −1. Consider the function
The function F is smooth on S 2 .
Proof. The function F is smooth at the points because cos is smooth at these points. We will prove that F is defined and smooth at all singular points. Let be a singular point. Since ξ is meromorphic (or holomorphic), is isolated. Let be a local holomorphic coordinate system around defined on an small open set U such that ξ = λ ∂ ∂ and U doesn't contain any other singularity of ξ. For near we may write 1 − cos ( ) = 2 ( ) 2 + ( 4 ( ).
where ( ) is smooth function on U . Thus F ( ) = 2 ln | | 
Remark 4.3.
(i) Some meromorphic foliations on S 2 satisfy the condition |φ| ∧ * φ = 0; an example is given by ξ( ) = λ ∂ ∂ ; yet, they are not critical. The obstructions are of topological nature.
(ii) In [12] , the author constructed 1−dimensional foliations of small volume, on the open manifold M 0 defined to be the sphere (of any dimension) minus one point.
Appendix: The Green's function on S 2
In the context of the proof of Theorem 1.2 it is worthwhile to give an explicit expression of the Greens's function on S 2 . Let (M ) be a closed Riemannian manifold of dimension . The Laplace operator on M has a Green function G : M × M −→ R, which is a smooth symmetric function defined outside the diagonal and such that for any function H ∈ C 2 (M) and for any ∈ M,
Moreover, it is defined up to an additive constant and normalized by the condition 
It is also easy to prove that
(In general, for surfaces, it is always true that |∇G( )| ≤ ( ) for some constant , see [1] ) where ( ) = ( ).
We should mention that the Green's function on S 2 was computed by several authors. See, for example [5] and [11] .
